The dynamic equilibrium matrix equation for a discretized pipe element containing flowing fluid is derived from the Lagrange principle, the Ritz method and consideration of the coupling between the pipe and fluid. The Eulerian approach and the concept of fictitious loads for kinematic correction are adopted for the analysis of geometrically non-linear vibration. The model is then deployed to investigate the vibratory behaviour of the pipe conveying fluid. The results for a long, simply supported, fluid-conveying pipe subjected to initial axial tensions are compared with experimentally obtained results and those from a linear vibration model.
relative to the moving pipe respectively,
x, y coordinates in x, y coordinate system element methods [14] . However, numerical work on the non-linear vibration of pipes conveying fluid is quite lim-X 9 p , X 9 f vectors of the pipe and fluid body forces respectively, including forces exerted by the ited. transpose of matrix The system to be studied ( Fig. 1) consists of a circular pipe, simply supported and pinned at both ends, of length L, cross-sectional area A p , mass per unit length 1 INTRODUCTION m p and flexural rigidity EI, conveying a fluid of mass m f per unit length with axial flow velocity U and pressure p. The initial, constant axial tension over the length of Over the past four decades the vibration of pipes conveythe pipe is T 0 . ing fluid has been studied extensively; an excellent over-
The general assumptions made in the course of the view is presented by Païdoussis and Li [1] . The linear analysis of the system are as follows: vibration of the system has been understood for some time [2] [3] [4] [5] [6] [7] [8] [9] . Linear models are found, however, to be in serious 1. The pipe is composed of a linear, homogeneous and error when the fluid flow velocity approaches a critical isotropic elastic material. value ( leading to bifurcation of the dynamic response) [10] 2. The fluid is incompressible. or the pipe performs large-amplitude vibration in which 3. The velocity profile of the fluid is uniform. components of in-plane force (which are a function of the instantaneous vibration shape) have a marked effect. This latter effect is termed the geometric or membrane effect and is the subject of the benchmark paper by Holmes [11] .
In recent years much effort has been devoted to assessing non-linear dynamic behaviour mainly by using analytical (see, for example, references [12] and [13]) and 4. The diameter of the pipe is much smaller than its in which D is a symmetric stress-strain matrix: length. 5. The motion of the pipe is planar. 6. There is no axial or lateral motion at either end of
Let coordinate x be in the axis at static equilibrium and coordinate y be normal to it. Infinitesimal fluid-pipe elements, to which the Lagrange principle may be applied, may be separated into pipe 3 MODEL DEVELOPMENT elements and fluid elements. For the function P defined by equation (1), functions are required that are continu-3.1 Order of magnitude analysis ous in the solution domain V and, when appropriately combined, can satisfy the kinematic boundary con-As the effect of large vibration (or geometric nonditions on C u . A pipe element with two nodes and three linearity) of pipes conveying fluid will be examined, it is degrees of freedom per node is shown in Fig. 2 . useful to perform an order of magnitude analysis.
The approximate solution of the pipe displacement is Recalling the assumption that the motion of the pipe is sought in the matrix form of the shape functions, i.e. planar, it is assumed that the lateral displacement w in the y direction is 'small' compared with the length of the
where u 0 are the functions constructed such that they w( y)/L~O(e) satisfy the prescribed kinematic boundary conditions, i.e. where e%1.
u 0 ={0, 0, y 0 (t)}T, It is known that, in the governing matrix equations for large vibration, terms of higher order than that for
(3) small vibration exist. Thus, if the governing matrix equations are of even order, terms of O(e2) have to be present and in the equations. Therefore, all expressions in the equations presented in this paper have to be exact to O(e3) before any simplification can be undertaken. It can also be shown (see, for example, reference [18] ) that longi- 
] vibration interaction and formulated to model the deformed fluid-pipe elements into which the system is to the individual nodal parameters, namely Substitution of equation (2) in (8) results in
Using the theory of linear elasticity, the constitutive h 2 =j relation for a one-dimensional stress-strain beam can be written in matrix form as
Substituting equations (2) and (6) to (9) in equation (1),
the function P may be expressed as
A necessary condition for the minimum of the function P of multiple variables is that the first partial derivatives If it is assumed that the deformed curvature can be with respect to all the variables must be zero, which in approximated by the second derivative of the flexural the matrix notation implies displacement, then the strain field in terms of the infinitesimal and large displacements may be represented by qP qr =0 (12) (see, for example, reference [20] )
This condition is applied to equation (11) 
The vector field of the fluid displacement is decomposed where into two parts. One of these is the vector field of the pipe displacement u p , the other is the vector field of the fluid displacement relative to the pipe u r , which is equal to Ut, and therefore m p
is the pipe inertia force-acceleration matrix,
Similarly, it can be shown that is dependent on the displacement and (¨) represents the second-order substantial derivative with respect to time;
Fluid-structure interaction mechanisms are rep-In this analysis, the Eulerian approach is used to resented by the forces exerted by the flowing fluid within update the coordinates iteratively and also to reform the the pipe on the pipe wall, and vice versa. At the interface stiffness matrix iteratively. This enables geometrically where the fluid and pipe are coupled, the vector field of non-linear vibration to be analysed while ignoring the the pipe element displacement is equal to that of the third integral term on the left-hand side of equation (13), flowing fluid element displacement normal to the vector which is known as the initial displacement matrix due field of fluid relative velocity, U. The vector field of the to large deformation. In the course of the iteration, the generalized pipe velocity and acceleration can be concept of fictitious loads has to be applied to equaexpressed as tion (13) on the basis of the in-plane kinematic corrections due to large deformation. Substituting equations u p = qu p qt and ü p = q2u p qt2 (14) (14) to (16) in (13), applying Green's theorem on the second-order terms with respect to x (which also serves By differentiating both sides of equation (8), the followto reduce the order of the governing equation) and then ing expressions describing the fluid velocity and accelertransforming local coordinates into global ones by using ation vectors are obtained:
the coordinate transformation matrix
(17) Differentiation of equation (2) partially with respect to t and x gives the following set of second-order differential equations is obtained: (17), together with equais the ith elemental fluid-pipe mass matrix in the global tions (5) and (20), shows that equation (18) is noncoordinate system, linear for large deformation. This equation represents the generalized conditions of dynamic equilibrium of the c i =TT
dV D T i discretized system element in the global coordinate system for analysis of geometrically non-linear vibration.
The governing equations (19) of the fluid-conveying pipe elements can be combined to form the assembly of is the ith elemental fluid flowing damping matrix in the the discretized system at any instant t by considering the global coordinate system, equilibrium and continuity of displacements at the interfaces between adjoining elements, i.e. k i =TT
In this equation Ct represents the total damping matrix, +T
which is composed of two parts if Rayleigh damping within the pipe is taken into account, i.e.
in which Ct f is due to translation and rotation of the fluid (20c) and Ct s is a linear combination of the mass and stiffness matrices Mt and Kt, given by (see, for example, reference is the ith elemental fluid-pipe stiffness matrix consisting
[21]) of the pipe stiffness and initial stress matrices and the flowing fluid stiffness matrix in the global coordinate Ct s =aMt+bKt system, and
The assembly equation of the discretized system can then be solved by the well-known Newmark method.
The eigenproblems can be solved by the inverse iteration method. It should be noted that geometric non-linearity due to large deformation, rotary inertia and shear defor- (21) are dependent on the displacements r. For (20d ) small deformation, T i and f ld i may be thought of as a unit diagonal matrix and a zero vector respectively. is the dynamic force acting upon the system in the global Therefore, this formulation can be used to solve both coordinate system. geometrically linear and non-linear dynamic problems. The fictitious loads in the global coordinate system 'Natural frequencies' can be extracted from equation can be expressed as (see, for example, reference [15]):
(21) for the small vibrations in which equation (21) 
Experiments were conducted using a closed-loop flow facility as shown schematically in Fig. 3 . Steady flow was 0, Q j+1 −sin Q j+1 }T Fig. 3 Closed-loop flow experimental facility produced using a centrifugal pump and a manual/ surface of the mid-point of the pipe. Both signals were then passed to a real-time fast Fourier transform ( FFT ) automatic control valve. The test section consisted of a circular rubber pipe simply supported and pinned at analyser. A schematic diagram of this measurement set-up is either end of a rigid platform. The complete assembly was clamped on to a shaker driven by an amplified sine-shown in Fig. 4 . The sampling rate for all frequency readings was 1000 Hz and the total sampling time was wave signal from a 5 MHz function generator. This method of fixing the pipe to the platform is sufficient to 4.096 s. The excitation and response signals from the laser velocity transducer and the accelerometer were assume that simply supported boundary conditions apply at each end of the pipe. treated and displayed on the oscilloscope screen simultaneously. Both signals were also input to the FFT ana-The shaker excitation was measured by an accelerometer mounted on the shaker platform. The acceler-lyser. The excitation frequency was adjusted until a stationary picture was obtained on the oscilloscope ometer signal was examined using an oscilloscope and a phase meter. A laser velocity transducer was used to screen and the shift in phase between the two signals was 90°in order to find the 'natural frequencies' and to measure the vibration response of the pipe. The laser was carefully aligned to focus its narrow beam at a small record the amplitude of the responses and the frequency spectrum. This process was completed for various initial piece of retroreflective tape, which is attached to the For the first, third and fifth 'natural frequencies', the comparisons between results from the present model, the measurement it should be noted that, for the specific case where the fluid is not flowing in the pipe, the only linear model and experiment are discussed for two cases below. The linear vibration model is given in the modes that can be excited are the odd modes, i.e. 1, 3, 5, 7, etc. When the fluid is flowing, all modes can be Appendix.
It was assumed that the shear deformation of the excited but the present measurement set-up allows only the odd modes to be observed. rubber pipe could be neglected and so was not included in the present vibration model. Prior to investigating the effect of an axial tension and internal flow velocity on the vibrating behaviour of the pipe conveying fluid, the 5 RESULTS dynamic response of the system as a function of varying amplitudes of seismic excitation was investigated. The The pipe conveying fluid (Fig. 3) was made of rubber effect of amplitude of excitation on the mid-point ampliand subjected to a vertical harmonic seismic support tude of the pipe is shown in Fig. 5 at initial axial tension motion y 0 (t)=y : 0 sin Vt, in which y : 0 represents the exci- initiated at a seismic excitation displacement of y : 0 = the density of the rubber r p =1128.56 kg/m3 and water 0.002 m. density r f =1000.00 kg/m3. The pipe was modelled by Figure 6 shows the amplitude/frequency response of 15 elements. The relative errors of the eigenvalues and the mid-point for a seismic excitation amplitude of the generalized displacements, used to check conver-0.012 m. The skew form of this response can be immedigence, were less than e l =10−4 and e R =10−5e I respectately recognized as indicating non-linear frequency ively, e l and e R being defined as response.
The experimental results are characterized by none l = |l i+1 |−|l i | |l i | and e R = |Rj+1|−|Rj| |Rj| linear behaviour only for the first mode and lower axial tensions. Linear vibration response is, however, prewhere l are the eigenvalues, subscripts i+1 and i denote dominant in most cases. the present and the previous numbers of elements respectively, superscripts j+1 and j represent the present and previous computed generalized displacements 5.1 Empty pipe respectively and e I is an (n+1th)-order unit vector. The pipe was subjected to various initial tensions. The Prior to discussing the coupled vibration modes of the pipe conveying fluid, attention will be focused upon the vibration of the pipe in the absence of or while conveying fluid over a wide range of flow velocities was investigated vibration modes of the pipe in the absence of fluid. The first, third and fifth natural frequencies are extracted theoretically and experimentally. both from the present model in the linear response region closer to experimental ones than those of the linear model. of Fig. 5 and from the linear vibration model given in the Appendix. Assessment of the effects of initial axial tensions on vibration modes are shown in Table 1 .
The results indicate that the natural frequencies will 5.2 Pipe conveying fluid increase as the initial axial tensions increase. For the first mode, natural frequencies obtained using the present The effect of initial axial tensions and flow speed of the fluid on vibration modes in the linear response region model and the linear model are somewhat different from the experimental ones, but for the third or higher modes are calculated. Table 2 shows the first, third and fifth natural frequencies at various initial axial tensions for a the theoretical values using the present model are much flow velocity U=0.0. In Fig. 7 the third natural frequen-Figures 8 to 10 depict the first, third and fifth natural frequencies varying with flow velocity of the fluid. As cies are plotted against initial tensions. Table 3 and Figs 8 to 10 show the comparisons of expected, an increasing flow velocity has the effect of decreasing the natural frequencies. In general, for most experimental results of vibration modes with theoretical ones, again in the linear response region, and the effect frequencies the experimental results are higher than the calculated ones. This discrepancy may be mainly attri-of flow speeds on the vibration modes of the pipe at initial axial tension T 0 =7.63 N. buted to differences between the mathematical model and experimental conditions. The experimental model mation and/or rotary inertia effects, or can be used to analyse simple linear conditions. Vibration problems of exhibited some non-ideal end-supported conditions. The temperature of the water within the pipe may also change initially stretched pipes conveying fluid are also examined. At various initial axial tensions of the pipe and with time.
In general, the results of the present model in the linear flow velocities the numerical predictions of the first, third and fifth natural frequencies using this vibration model range appear to agree better with experimental natural frequencies than do the simple linear model results. The in its linear regime have been compared with corresponding experimental results. The results are in good authors intend to extend this work to consider more complex flows and include total Lagrangian formations. agreement. Future results will be compared with results using the present model. 
